Abstract. Combinatorial structures called candelabra systems can be used in recursive constructions to build Steiner 3-designs. We introduce a new closure operation on natural numbers involving candelabra systems. This new closure operation makes it possible to generalize various constructions for Steiner 3-designs and to create new in nite families of Steiner 2-designs and 3-designs. We provide an independent proof for Wilson's \product theorem" for Steiner 3-designs. We also construct new group divisible designs of strength 2 and 3.
Introduction
The problems that are of interest in design theory include determining all quadruples (t; v; k; ) for which a t-(v; k; ) design exists. There are many known 2-designs, but constructing t-designs for t > 2 is much harder, especially with = 1 (Steiner designs). This paper gives a method of constructing new Steiner 2-designs and 3-designs.
Candelabra systems play an important role in the construction of Steiner 3-designs. A closure operation on candelabra systems is used to construct new Steiner designs. Using the results of this paper, in a subsequent paper of Moh acsy and Ray-Chaudhuri (preprint) we construct new in nite families of Steiner 3-designs is as follows: Theorem 1.1. Let q be a prime power and a a positive integer. Assume that there is a Steiner 3-(a + 1; q + 1; 1) design, where a 2. This theorem generalizes a theorem of . In particular this generalization yields new in nite families of Steiner 3-designs with block size 6. Several interesting results on transversal designs (or orthogonal arrays) are obtained. The following theorem is a generalization of the well-known result of Brouwer, which is quoted in Hanini's (1979) paper. He proves the existence of a transversal 3-design with q + 1 blocks of size q for any prime power q. Theorem 1.6. Let q be a prime power and let a be a positive integer.
If there exists a Steiner 3-(a + 1; q + 1; 1) design then there exists a transversal 3-design with q + 1 groups of size a.
Similar results can be obtained for transversal 2-designs. Theorem 1.7. Let q be a prime power and let a be a positive integer.
If there exists a Steiner 2-(a; q; 1) design then there exists a transversal 2-design with q groups of size a. Theorem 1.8. Let q and q + 1 be both prime powers and let a be a positive integer. If there exists a Steiner 2-(a + 1; q + 1; 1) design then there exists a transversal 2-design with q + 1 groups of size a.
t-Designs
Let X be a set and let P(X) denote the set of all subsets of X. A family of subsets on a set X with index set I is a mapping A : I ! P(X) written as (A i ji 2 I), where A i = A(i) for all i 2 I. If I = ;, we call A the empty family. De nition 2.1. Let v be a non-negative integer, let and t be positive integers and let K be a set of positive integers. A t-(v; K; ) design is a pair (X; A), where 1. X is a set of v elements (called points), 2. A is a family of subsets of X, each of cardinality from K (called blocks), 3 . every t-subset of distinct points occurs in exactly blocks. 2 A t-(v; K; ) design is also denoted by S (t; K; v). We also say (X; A) is a t-design of order v with block sizes from K and index . A design without repeated blocks is called a simple design. A subset F X is called a subdesign, if for any t-subset of points of F, F contains completely the blocks of A passing through the given points. If K contains a single element k, then we write k instead of fkg. When = 1, then we omit and write S(t; K; v). If (X; A) is an S(t; K; v) (with = 1), then every block occurs exactly once in the family A and hence the family of blocks A can be viewed as a subset of P(X). The next theorem immediately follows from the fundamental theorem and was proved by MacNeish when t = 2 and the proof is mentioned in a paper of Bose (1950) for t > 2.
Theorem 3.5. Let t, v, u and k be positive integers with 1 t k. If there exist a TD(t; k; v) and a TD(t; k; u), then there exists a TD(t; k; uv). Blanchard (preprint) has proved the existence of a TD(t; k; m) for large group size, when t > 2. The t = 2 case is the well-known result of Chowla-Erd} os-Straus (see Beth, Jungnickel and Lenz (1993) p. 487). Theorem 3.6. For any positive integers t and k, 1 t k, there is an integer m 0 (t; k) = m 0 such that for any integer m m 0 there is a TD(t; k; m). 4 . Candelabra t-Systems In and (1975) existence proof , 2-designs are recursively built up from "smaller" designs composed with a GDD. The goal is to give a similar kind of fundamental construction for the t = 3 case. Combinatorial structures called candelabra systems can be used in the recursive constructions to build 3-designs. The following de nition of candelabra systems is a generalization of candelabra quadruple 5 systems described in the paper of Hartman and Phelps (see Dinitz and Stinson (1992) p. 208).
De nition 4.1. Let v be a non-negative integer, let and t be positive integers and let K be a set of positive integers. A candelabra t-system (or t-CS ) of order v, index and block sizes from K is a quadruple (X; S; ?; A) that satis es the following properties:
1. X is a set of v elements (called points). 2. S is a subset of X of size s (called the stem of the candelabra).
3. ? = fG 1 ; G 2 ; : : : g is a set of non-empty subsets of X n S, which partition X n S (called groups or branches). 4. A is a family of subsets of X, each of cardinality from K (called blocks).
5. Every t-subset T X with j T \(S G i ) j< t for all i, is contained in blocks and no t-subsets of S G i for all i, are contained in any block. Candelabra systems were rst introduced by Hanani (1963) , who used di erent terminology. He investigated uniform candelabra systems in the t = 3 and k = 4 case. In his paper he used the notation P g 4; 1; ng + s] to denote a uniform 3-CS of group type (g n : s) with block size 4. Mills (1974) also discusses uniform candelabra systems with t = 3, k = 4 and s = 0, calling them G-designs. The t = 3 and = 1 case of de nition 4.1 is equivalent to the s-fans designs de ned in Hartman's (1994) paper. Figure 1 shows a candelabra t-system for the t = 3 and = 1 case. The dots represent all the three di erent types of 3-sets satisfying property 5 of the de nition. We indicated three di erent types of blocks. Now we mention two important in nite families of ordered designs for future references (see Colbourn and Dinitz (1996) p. 397).
Theorem 5.4. Let q be a prime power.
1. There is an OD(2; q; q). 2. There is an OD(3; q + 1; q + 1).
6. Candelabra t-Systems and t-Designs Candelabra systems and designs are very closely related. As we will see in the following theorem, one can construct candelabra systems from t-designs and conversely t-designs from candelabra systems.
From now on we will assume = 1 unless another value is speci ed. Proof. The argument is similar to the proof of Theorem 6.1. If the blocks containing the given set of points partition the rest of the points, then we can get a candelabra t-system. Roughly speaking, we take the "tails" of these blocks as groups, and the given set of points as stem and the remaining blocks as blocks of the candelabra system. Let A 1 ; A 2 ; : : : ; A s denote the blocks of the S(t; K; v), which pass through the given set of s points 1 ; 2 ; : : : ; s and A 0 denote the set of blocks, which do not contain all the given s points simultaneously.
By the hypothesis of the theorem the sets A i n f 1 ; Proof. The derived design of an inversive plane S(3; k + 1; k 2 + 1)
is an a ne plane S(2; k; k 2 ) of order k, which admits a parallelism. Furthermore, an a ne plane of order k contains k + 1 parallel classes and each class contains k blocks. Thus, the statement follows from the previous remark. 2 Corollary 6.6. Let q be a prime power. There exists a 3-CS of group type (: 1) with = 1 and block size q + 1.
Proof. The proof follows from the above theorem since there is an inversive plane S(3; q +1; q 2 +1) for any prime power q. (See Figure 3) . 2
This structure was constructed by Hartman (1994) as well, who used di erent terminology. Hanani (1960) also used this construction in his existence proof for Steiner quadruple systems.
The converse of Theorem 6.1 can be generalized also. Since we will use the generalized version of this theorem several times in the future, we state the theorem at this time.
Theorem 6.7 (Adjunction theorem). Let t, v be positive integers and K be a set of positive integers. Let (X; S; ?; A) be a t-CS of order v with block sizes from K. If for each G 2 ? there exists an S(t; K; jG Sj) containing a subdesign S(t; K; jSj), then there exists an S(t; K; v). Proof. Let (S; M S ) be an S(t; K; jSj). For each G 2 ? we can construct a t-design (G S; M G ) with block sizes from K containing the subdesign (S; M S G ). Let us de ne the following set of blocks:
is the required S(t; K; v). To check that a t-element subset T of X is contained in exactly one block, we consider the following cases: Case 1. If T S then T is contained in unique block of M S . Case 2. If T 6 S but it is contained in some G S, then T is covered by a unique block of M 0 G .
Case 3. In all other cases, T is contained in a unique block of A. 2
There is another way to construct candelabra systems from an S(t; K; v).
Let (X; A) be an S(t; K; v) and let X = S ( i2I G i ) be a partition of the points such that jS G i j < t for i 2 I. This partition forms a t-CS, considering S as the stem, G i for i 2 I as the groups and A as the set of blocks of the candelabra system. Thus, if (X; A) is an S(t; K; v) with t 3, then quadruple (X; fx 0 g; ffxgjx 2 X n x 0 g; A) for any x 0 2 X is a uniform t-CS of group type (1 v?1 : 1) with block sizes from K and the stem and all the groups are singletons.
Fundamental Construction for Candelabra Systems
The following theorem is a special case of the fundamental construction of Hartman (1994, p. 116).
Theorem 7.1 (Fundamental construction for 3-CS's). Let (X; S; ?; A) be a 3-CS with S = fs 0 g and let K be a set of positive integers. Let w be a non-negative integral weighting of X, where by weighting of a set H we mean a map from H into the set of non-negative integers. There exists a 3-CS with block sizes from K and group type ( P x2G w(x)jG 2 ? : w(s 0 )) if the following conditions hold:
1. For every block A of 3-CS not containing s 0 , there is a 3-GDD with block sizes from K and group type (w(x)jx 2 A).
2. For every block A of 3-CS passing through s 0 , there is a 3-CS with block sizes from K and group type (w(x)jx 2 A; x 6 = s 0 : w(s 0 )). Using Wilson's terminology, we will refer to a 3-CS with a weighting as a recipe and the 3-GDD's and the 3-CS's, given in 1 and 2 as ingredients. The proof of Theorem 7.1 can be found in Hartman's (1994) paper, where the recipe design is a 1-fan and the ingredients are all s-fans. The following theorem is an application of the fundamental construction.
Theorem 7.5. Let q be a prime power. There exists a 3-CS of group type ((q m ) q n : 1) with block size q+1 for all n, m non-negative integers.
Proof. We proceed by induction on m. If m=0, then a Steiner 3-design S(3; q + 1; q n + 1) can be considered a 3-CS of group type (1 (q n ) : 1) with block size q + 1. The existence of an S(3; q + 1; q n + 1) is well known (see Beth, Jungnickel and Lenz ((1993) p. 170). Assume we have a 3-CS of group type ((q m?1 ) q n : 1) with block size q + 1.
We will denote the single point of the stem by 1. Weight 1 by 1 and weight all the other points by the uniform weight q. We construct a 3-CS of group type ((q m ) q n : 1) with block size q + 1 using the 3-CS of group type ((q m?1 ) q n : 1) as the recipe. For each block of the 3-CS not containing 1, we have the ingredient TD(3; q + 1; q) and for each block passing through 1, we can construct the ingredient 3-CS of group type (: 1) with block size q + 1. The existence of a TD(3; q + 1; q) and a 3-CS of group type (: 1) with block size q + 1 follows from Theorem 3.3 and Corollary 6.6. Now, applying the fundamental construction for candelabra systems we obtain a 3-CS of group type ((q m ) q n : 1) with block size q + 1. 2 8 . Closure Operation and Closed Sets Closure operations are important tools in the construction of new designs. Closed subsets of natural numbers play a signi cant role in Wilson's proof of the existence theorem for t = 2 (see and (1975)). In this section we will give the de nition of a new closure operation involving candelabra systems. The closed sets obtained in this way will be useful in constructing Steiner 3-designs.
De nition 8.1. By a closure operation on the subsets A of a set X, we mean a map A 7 ?! A from the class P(X) of all subsets of X into P(X) satisfying the following properties: k (the set of replication numbers) is a B-closed set.
The previous theorem is important in the proof of the existence theorem for pairwise balanced designs. Unfortunately the analogous theorem for R t k , t > 2 is not true. However, the set (k ? t + 1)R t k will be a closed set under the following closure operation. Proof. (i) (extensive) Take any positive integer j 2 J. Let I j = f1; 2; : : : ; jg and let S be a set of size s. Take the trivial t-CS (I j : S; S; fI j g; ;), which is a t-CS with group sizes from J and block sizes from K. Thus As we mentioned earlier, the closed subsets of natural numbers can be used to construct designs. In this section we will give a new, more general construction for Steiner 3-designs applying the theory of closed sets. C-closed set with parameters (3; k + 1; 1), then there is an (i) S(3; k + 1; k 2 + 1) (a M obius plane of order k).
(ii) S(2; k; k 2 ) (an a ne plane of order k). Proof. Assaf and Wei (1999) have also worked on 2-LGDD's and they call them modi ed group divisible designs. They also have done some recursive constructions for these systems for t = 2. such that the set of blocks of the parallel class coincides with the set fI k fjg : j 2 I m g. Thus, we obtain an LTD(1; k; m) with respect to the orthogonal partition ? 0 = fI k fjg : j 2 I m g.
In the t = 2 case, a lattice transversal design is equivalent to an idempotent orthogonal array (see Dinitz and Stinson (1992) ).
A straightforward consequence of De nition 10.2 is the following theorem: Theorem 10.3. Let t, k, n and m be positive integers, 1 t k.
The existence of a t-LGDD of group type (m n ) with uniform block size k implies the existence of m Steiner t-designs S(t; k; n).
Proof. Let (X = I n I m ; ? = ffig I m : i 2 I n g; A) be a t-
LGDD of group type (m n ) with respect to the orthogonal partition ? 0 = fI n fjg : j 2 I m g. For each j 2 I m , the set I n fjg and the set of blocks of A contained in I n fjg determine an S(t; k; n). 2 De nition 10.4. Let t, n and m be positive integers and let K be a set of positive integers. Let (X; S; ?; A) be a uniform candelabra t-system of group type (m n : jSj) with index = 1 and block sizes from K, where ? = fG 1 ; G 2 ; : : : ; G n g. If t = 1, every uniform 1-CS with index = 1 is a 1-LCS since the family of blocks of a 1-CS must be the empty family.
As we discussed in Section 4, in the t = 2 case a candelabra system becomes a group divisible design. Thus, a 2-LCS is equivalent to a 2-LGDD.
The next theorem follows from De nition 10.4:
Theorem 10.5. Let t, k, n and m be positive integers, 2 t k, and let s be a non-negative integer, 0 s t ? 2. The existence of a t-LCS of group type (m n : s) with uniform block size k implies the existence of m Steiner t-designs S(t; k; n + s).
Proof. Let (X = I n I m S; S; ? = ffig I m : i 2 I n g; A) be a t-LCS of group type (m n : s) with respect to the orthogonal partition ? 0 = fI n fjg : j 2 I m g. For each j 2 I m , the set I n fjg S and the set of blocks of A contained in I n fjg S determine an S(t; k; n + s).
2
An interesting property of t-LCS's is described in the next theorem:
Theorem 10.6. Let t, n and m be positive integers, let s be a nonnegative integer, 0 s t ? 2, and let K be a set of positive integers.
If there exists a t-LCS of group type (m n : s) with block sizes from K and an S(t; K; m + s), then there exists a t-LCS of group type (n m : s) with block sizes from K.
Proof. Let (X; S; ? = fG 1 ; G 2 ; : : : ; G n g; A) denote the given t- we rst check the t-CS property. Let T be a t-subset of X S such that jT \ (S G 0 j )j < t for all j 2 I m . We have to show that such a T is contained in a unique block. We distinguish two cases: case 1. Let T G i S for some i 2 I n . Then T will be contained in a unique block B of B G i B, such that B G i S and no other block can contain T. Let us prove this statement. T can not be contained in a block of B G j for j 6 = i, because j(G i S) \ (G j S)j = jSj t ? 2. Furthermore no blocks of A 0 can contain T, since jA\(G i S)j < t for all i 2 I n for any block A of A 0 by the de nition of t-CS. case 2. Let jT \ (G i S)j < t for all i 2 I n . Then a unique block A belonging to A 0 contains T and no other blocks can contain T. The proof of this statement is as follows: any t-set with jT \ (G i S)j < t for all i 2 I n is covered by a unique block A of A by the de nition of t-CS. Now, we need to show that A belongs to A 0 . This follows from the facts that jT \ (G 0 j S)j < t for all j 2 I m and that any block of A n A 0 is contained in G 0 j S for some j 2 I m . T is not contained in a block of B G i B for some i 2 I m , since any block of B G i is contained in the set G i S.
The t-LCS property with respect to the orthogonal partition ? easily follows from the arguments of case 1 and case 2. Any block B of B is contained in G i S for some i 2 I n and for any block A of A 0 jA \ (G i S)j < t. 2
According to our previous theorem, from a t-LCS of group type (m n : s) with block sizes from K and from an S(t; K; m + s) we can construct a t-LCS of group type (n m : s) with block sizes from K by interchanging the role of the rows and columns of the given t-LCS. In the sequel we will refer to this property as "row, column interchangeable property" of the lattice candelabra systems.
In the t = 2 case, a 2-LCS is equivalent to a 2-LGDD, thus theorem 10.6 can be stated in the following way: Theorem 10.7. Let n, m be positive integers and let K be a set of positive integers. If there exists a 2-LGDD of group type (m n ) with block sizes from K and an S(2; K; m), then there exists a 2-LGDD of group type (n m ) with block sizes from K.
Note that theorem 10.7 is not true for t > 2. 11. The Fundamental Construction for t-LGDD's and for
3-LCS's
The fundamental construction of t-GDD can be extended for t-LGDD's.
Theorem 11.1 (The fundamental construction for t-LGDD's). Let t, n, a and b be positive integers and let K be a set of positive integers. If for every block A of a t-LGDD of group type (a n ) there is a t-LGDD of group type (b jAj ) with block sizes from K, then there exists a t-LGDD of group type (ab) n with block sizes from K.
Proof. Let (X = I n I a ; ? = ffig I a : i 2 I n g; A) be the recipe t-LGDD of group type (a n ) with respect to the orthogonal partition with block sizes from K. We claim that the t-GDD obtained this way is a t-LGDD with respect to the orthogonal partition fI n (j; k) : (j; k) 2 I a I b g. That is, if f(n 1 ; (u; v)); (n 2 ; (u; v)) : : :(n t ; (u; v))g is a t-set of points from t di erent groups, where (u; v) is a xed pair of I a I b , then the unique block containing the given t-set is contained in the set I n f(u; v)g.
There is a unique block A of the recipe t-LGDD of group type (a n ) that contains the t-set f(n 1 ; u); (n 2 ; u) : : : (n t ; u)g such that A I n fug. Since the t-set f(n 1 ; (u; v)); (n 2 ; (u; v)) : : :(n t ; (u; v))g belongs to the set A fvg of the t-LGDD ( Proof. Let (X = I n I a f1g; f1g; ? = ffig I a : i 2 I n g; A) be the recipe 3-LCS of group type (a n : 1) with respect to the orthogonal partition fI n fjg : j 2 I a g. Weight We need to show that the unique block containing the given 3-set is contained in the set I n f(u; v)g S.
There is a unique block A of the recipe 3-LCS of group type (a n : 1) that contains the 3-set f(n 1 ; u); (n 2 ; u); (n 3 ; u)g such that A I n fug f1g. There is a unique block A of the 3-LCS of group type (a n : 1) that contains the 3-set f(n 1 ; u); (n 2 ; u); 1g such that A I n fug f1g. Proof. Let (X; A) denote an a ne plane of order k, that is an S(2; k; k 2 ), and let P r and P c denote two distinguished parallel classes of (X; A). Let us construct (X; A) on the point set X = I k I k , whose rows and columns are the parallel classes P r and P c respectively. We will view the blocks of P r as groups and the blocks of P c as the components of the orthogonal partition. Then (X; ffig I k : i 2 I k g; AnP r ) is an LTD(2; k; k) with respect to the orthogonal partition P c . 2 Corollary 12.2. There is an LTD(2; q; q) for any prime power q.
Proof. Since there is an a ne plane of order q for any prime power q, the corollary is a straightforward consequence of theorem 12. Proof. By Theorem 3.3, which is due to Brouwer (see Hanani (1979) ), there is a TD(t; q+1; q). The construction is as follows: let F q denote the nite eld of size q. Let LGDD's we can construct a 2-LGDD of group type (k a ) with block size k. We apply Theorem 10.7 to obtain an LTD(2; k; a). 2 Corollary 13.2. Let q be a prime power and a be a positive integer.
If there is an S(2; q; a), then there is an LTD(2; q; a) ( Proof. The de nition of lattice design (LD) is given in Section 5.
By deleting a single point P of the S(3; k + 1; a + 1) we obtain an S(3; fk; k + 1g; a). Any two blocks of size k intersect in at most one point and any two points of S(3; fk + 1; kg; a) are covered by a unique block of size k. The number of blocks of the S(3; fk + 1; kg; a) of size k is a(a ? 1) k(k ? 1) and the number of blocks of size k + 1 is a(a ? 1)(a ? k) k(k ? 1)(k + 1) .
Now, we will construct the blocks of the LTD(3; k + 1; a) on the set I k+1 I a , with groups ffig I a : i 2 I k+1 g and with respect to the orthogonal partition fI k+1 fjg : j 2 I a g. Let (I a ; A) denote an S(3; fk + 1; kg; a) with the properties described before. For each block A of size k of A we construct an LTD(3; k + 1; k) on the point set I k+1 A, with groups ffig A : i 2 I k+1 g, with respect to the orthogonal partition fI k+1 fjg : j 2 Ag and block set K A C A , where C A = S j2A (I k+1 fjg). Note that each I k+1 fjg, j 2 A is a block of the LTD(3; k + 1; k). (I k+1 fjg) ). We claim that (I k+1 I a ; ffig I a : i 2 I k+1 g; M) is an LTD(3; k + 1; a) with respect to the orthogonal partition fI k+1 fjg : j 2 I a g. Proof. We have a TD(2; q + 1; q) for any power q by Theorem 3.3.
Since q + 1 is a prime power, Theorems 5.3 and 5.4 assert the existence of an LD(2; q + 1; q + 1). Hence, Theorem 13.5 implies the corollary. 2 29
